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Abstract 

We study properties of 1/2 BPS Higher Spin states in heterotic compactifications with 
extended supersymmetry. We also analyze non BPS Higher Spin states and give explicit 
expressions for physical vertex operators of the first two massive levels. We then study 
on-shell tri-linear couplings of these Higher Spin states and confirm that BPS states with 
arbitrary spin cannot decay into lower spin states in perturbation theory. Finally, we 
consider scattering of vector bosons off higher spin BPS states and extract form factors 
and polarization effects in various limits. 



Introduction 



One of the remarkable properties of String Theory - probably its hallmark - is the presence 
of an infinite tower of massive higher spin (HS) excitations in the free spectrum. Most 
of these are unstable and can decay into lower spin states after turning on interactions 
[H El El H] . Some are long-lived and can be detected at accessible energies if the string scale 
is much lower than the Planck scale El El El IHl Ell ED] • In some - albeit unrealistic - 
configurations however, HS states can be perturbatively stable thanks to BPS conditions. 
In fact the very existence of these BPS states is a peculiarity of String Theory: no smooth 
supergravity solutions can describe supersymmetric states with spinning horizon in D = 4 
[T2l H~3l IT4"] . Precisely for this reason their existence creates a puzzling situation insofar as 
the microscopic counting of the degeneracy of states is matched with the area of a stretched 
horizon, relying on Wald's generalization of Bekenstein-Hawking entropy formula [T5l IT6]. 

Aim of this note is to study properties of 1/2 BPS higher spin states within the 
perturbative spectrum of heterotic string compactifications on tori [17] and (freely acting) 
orbifolds [18] . With a bold abuse of language one could dub these states as 'small spinning 
black-holes' [191 E3 EE] in that they have a finite microscopic 'entropy', despite the lack of 
a semi-classical supergravity description [2Ql EH [22], |23j E3] - As we will see, their spin and 
large degeneracy characterize their couplings to massless states, e.g. gravitons and vector 
bosons. In line with previous observations [TJ El [31 0], one should accept to abandon a 
semi-classical description and determine the nature of these peculiar string states in terms 
of observables such as scattering amplitudes, decay rates and form factors. In this note, 
relying on our previous work [25] , we will take a further step in this direction. Contrary to 
recent analyses El [7J El [101 [11] of unstable string excitations in phenomenologically 
viable scenari with TeV scale tension and large extra dimension [26l E7J , we will mostly 
focus on cases with at least M = 2 whereby BPS condition guarantee the perturbative 
stability of higher spin states. One may hope that sectors with extended supersymmetry 
could be embedded in realistic chiral models. 

The plan of the paper is as follows. In Section [H we review the structure of M = 4 
1/2 BPS multiplets with higher spin. We identify HS multiplets of this kind in various 
heterotic compactifications and discuss their vertex operators and BRST conditions. We 
extend the analysis to non BPS HS states in Section El where we display physical vertex 
operators for the first two massive levels. We then study on-shell tri-linear couplings of 
HS states in Section [3j Not unexpectedly, we find that BPS states with arbitrary spin 
cannot decay into lower spin states in perturbation theory. To study their properties one 
should consider at least 4-point scattering amplitudes: this is our task in Section HI We 
also extract form factors and polarization effects at low energies. Finally we conclude 
with a summary of our results, open issues and puzzles in Section [51 
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1 Higher Spin 1 /2 BPS M = 4 multiplets in D = 4 



Heterotic strings [28~| [29] compactified on six dimensional tori T 6 enjoy J\f = 4 super- 
symmetry in D = 4 [T71 [301 ED E21 E31 EH [35] . The spectrum includes super-multiplets 
with arbitrarily high spin. Some of these multiplets saturate the BPS bound M 2 = |pl| 2 , 
where p l L with i = 1, ...6 denote the central charges the gravi-photons couple to, and are 
shorter than generic long multiplets. In the perturbative spectrum only 1/2 BPS and long 
multiplets are present. Bosonic charged states in 1/2 BPS multiplets with maximal spin 
correspond to the vertex operators 

= n i ^ 1 ... IMs e- v ^ i e ipLXL dX^ 1 ■■■dX^e ipR ^ R e ipX (1) 

with internal excitations in the ground state of the L-moving sector, and 

V^ 1} = U tl>fll ... fls e-^e ipL * L dX£ ■■■dX£e ipR * R e ipX (2) 

with space-time excitations in the ground state of the L-moving sector. Clearly, at a given 
mass level there exist additional 1/2 BPS multiplets with lower spin. 
By construction, the tensors %j iA11 ... Ms and < H At>Ail ... Ms are totally symmetric in the non- 
compact space-time indices fii and, in order for the states to be BRST invariant, they 
should satisfy 

The tensor % )M1 ... Ms accounts for fivd5 states of spin s, while r H fl ^ 1 ... lls gives rise to spin 
s + 1, s and s — 1 states according to 



n® i i i i m = ^^i i i i i ® — 1 1 1 1 1 ® n i i i i . (5) 

The reason why the second Young tableaux on the right-hand side of (jSJ) corresponds to 
spin s is that, because of the BRST conditions (EI), ^ are effectively SO (3) indices, thus 
^ = □• Therefore the number of bosonic degrees of freedom is 

n B = 2(s + 1) + 1 + (5 + l)(2s + 1) + 2(s - 1) + 1 = (2s + 1)8 B . (6) 

Vertex operators for the fermionic states with maximal spin read 

V^~ 1/2) = q aA ^...^e^ /2 S a i; A e ipLXL dX£ ■■■dX£e ip * XR e ipX (7) 



1 After imposing BRST conditions ([3]) the internal index i is allowed to run only over the five directions 
orthogonal to the central charge vector p L . 
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and 

vgf> = ^ 1 ...^'*C?Tr A <P^8X&''-BXge*^*^ , (8) 

where S a , C a are 50(1, 3) spin fields and £ A , T>* A are SO (6) spin fields. BRST invariance 
requires 

^^o^x-m. + fe^B<i Ms = (9) 

that allows to express W^,,,^ in terms of $ 0j 4 lMl ... Ms 

K-,s = ^°i a pi^ B *«B, n (io) 

with M 2 = —p ■ p = | Pl | 2 • Combing spin 1/2 from left-movers with spin s from Right- 
movers one gets s + 1/2 and s — 1/2. Taking into account the degeneracy 4 of SO (5) ~ 
5p(4) C 50(6), the number of fermionic degrees of freedom turns out to be 

n F = 4[2(s + 1/2) + 1] + 4[2(s - 1/2) + 1] = (2s + 1)8 F (11) 

Thus, these multiplets contain (2s + 1)(8b — 8^) complex charged states with maximal 
spin s hws = s + l. 

An analogous analysis applies to higher spin 1/2 BPS multiplets in Af = 2 compacti- 
fications such as (freely acting) orbifolds. For details see appendix lAl 

For some purposes, it is convenient to switch from the M = 4 notation in D = 4 to an 
J\f = (1, 0) notation in D = 10. 

In D — 4, the little group for massive particles is 50(3), that has rank one and admits 
only totally symmetric tensors as irreducible representations. Young Tableaux have only 
one row. Equivalently working with 50(4) ~ SU(2) L x SU{2) R one has un-dotted and 
dotted spinor indices which are separately symmetrized. Two anti-symmetrized SU(2) 
spinor indices indeed represent the singlet. 

In D = 10 allowed Young Tableaux may have up to four rows since 50(9) has rank four 
and five anti-symmetrized vector indices are equivalent to four. Yet in covariant notation, 
based on 50(9, 1) with rank five, it is necessary to consider anti-symmetric tensors with 
up to 5 indices. Going from D = 10 to D = 4 another important phenomenon takes 
place. Af = (1, 0) super-multiplets in D = 10 may decompose into several Af = 4 super- 
multiplets in D = 4. Indeed, even at the massless level, i.e. setting P = (p M ,0), the 
Af = (1, 0) super-gravity multiplet in D = 10 decomposes into the Af = 4 super-gravity 
multiplet along with six vector super-multiplets in D = 4. On the other hand, the 
Af = (1, 0) massless vector super-multiplet in D = 10 produces a single Af = 4 massless 
vector super-multiplet in D = 4. 
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Something similar happens for BPS and non-BPS massive multiplets. Moreover, if 
some of the supersymmetries are broken upon compactification, some of the states are 
eliminated or projected out from the spectrum, and further decomposition of the super- 
multiplets takes place. We will illustrate this point in Appendix \K\ 

2 Massive non BPS super-multiplets 

For later purposes, let us also analyze non BPS states with various spins in the higher 
mass levels of the perturbative heterotic spectrum [281 [29j [17] . We relate the light-cone 
gauge counting, based on 5*0(8) for the left-moving superstring and SO (24) for the right- 
moving bosonic string, to the relevant little group representations and show how BRST 
invariance allows to gauge away the non-physical fields. We furthermore display the BRST 
invariant vertex operators for the first and second mass levels explicitly. Eventually one 
has to combine left- and right- movers imposing level matching [17J. 

2.1 The left-moving superstring sector 

Let us address the counting of degrees of freedom for the first two massive levels of the 
superstring (in ten dimensions), and show how to rearrange the states into representations 
of £0(9), the little group for massive states [3BJ E7J EBJ EH]. Before turning to the massive 
levels, let us discuss the massless case. Due to its simplicity, this level serves as a good 
example in the study BRST invariance and identification of physical degrees of freedom. 
Later on we will apply the lesson to the massive levels. 

2.1.1 Massless Level (Left Movers) 

In the light-cone gauge, the only bosonic states are given by§] 

Ci/ 2 |0>— >8 = D (12) 

which correspond to a massless gauge boson in the open string sector. In 10-dimensional 
covariant notation the state takes the form 

A M 1>%\0) V A (z) = A M e~* c^ M e ikX (13) 

where the latter is the corresponding un-integrated vertex operator in the (—1) superghost 
picture that include the c-ghost. The polarization vector Am is subject to the BRST 
constraints, namely it has to satisfy k M Am = 0, k 2 = which suggests that Am have nine 

2 With some abuse of notation we denote by .. = 1, ...8 the transverse directions. 



4 



independent components. However, using the fact that the BRST operator is nilpotent, 
we can add to the massless vertex operator the following operator 



SV{z) = [Q B rstM*)] , ( 14 ) 
where Qbrst is the BRST charge given by 

Qbrst = j^-e^ij M dX M + ... . (15) 

For the massless level U{z) takes the form 

U(z) = Ae- 2lp cd^e ikX (16) 

with k 2 = 0. This allows to gauge away one un-physical component, thus a massless 
gauge boson in the left-moving sector exhibits as expected 8 physical degrees of freedom 
in agreement with the light-cone gauge quantization. 



2.1.2 First Massive Level (Left Movers) 

At the first mass level, in the light-cone gauge, the bosonic states ar 



#*/al°>— >8 = n 



o^Vi/alO) — >35 = m 

a^ 1/2 |0>— ► 28 = (17) 
^i/ 2 ^_ 1/2 ^i/ 2 |0) — >56 = 



1 



where as usual (..) and [..] denote symmetrization and anti-symmetrization of the indices. 
Moreover, the symmetrized states do not contain the trace, which is treated separately. 

In 10- dimensional covariant notation the states are given by 

E VMN at[^ 1/2 \0) Wm^ 3/2 \0) B [mn] a^v2 /2 |0) 

H(MN) ^%\0) C [LM N] ^-l/2^-i/2^-l/ 2 |0) 



3 Remember that, in the NS sector, states are built out of the vacuum by the action of an odd number 
of fermionic excitations. States with even fermionic excitation numbers are eliminated by the GSO 
projection. 
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The un-integrated vertex operators corresponding to the above states are given by 

V { ~ 1) = E e'^criAB dX A ip B e ipX (18) 

V^ 1] = W M c e~ v difj M e ipX (19) 

yjr 1 ) = B [MN] e-f c 8X^ M ^e ipX (20) 

V { s 1] = H [MN) e~v c dX (M ^ e ipX (21) 

V { 6 ; 1] = C [MNP] e~* c^ M r ^ e ipX . (22) 

Clearly, not all states correspond to physical degrees of freedom. BRST invariance allows 
one to gauge away the non-physical components. As for the massless level before, one can 
add an operator of the form 

5V = [Qbrst,U + W] , (23) 

where, in contrast to the massless case, we distinguish between two different types of 
operators U and W . For the first massive level they take the form 

U = e~ 2ip di c [\ [AB ] i) A i) B + to a dX A ] e ipX and W = e~ 2ip d 2 £ c A e ipX , (24) 



withal p 2 = —2. This implies that BRST invariance allows us to gauge away one scalar, 
one vector and an anti-symmetric rank two tensor. Let us be more precise and display 
the effect of adding [QbrsM + W] to the polarization tensors viz. 

C[MNP] = C[MNP] — W[M^NP] 
H(MN) = H(MN) — W(mCOn) 
B[MN] = B[ M N] — X[MN] — W[MC0N} 

W m = W M 2iAp M 
E = E + 2A . 

As previously discussed, BRST invariance allows one to gauge away B^mn], Wm, E. 
However, the structure of the gauging is quite involved. One is left with a totally anti- 
symmetric rank 3 tensor and a symmetric rank 2 tensor, which is in complete agreement 
with table [H There we display the relation between the 50(8) light-cone gauge group 
structure and the little group 50(9) structure. For the first massive level we see that the 
50(8) covariant states in equation (TITj) can be rearranged into an anti-symmetric rank 3 
and a symmetric rank 2 tensors invariant under the little group 50(9). 

Finally, we display the un-integrated physical vertex operators. In the (— l)-ghost 
picture they are given by [101 HD HOI E] 

V Sl P] = C { mn P] e~* c ^ ^ V e* pX (25) 



'Unless otherwise stated, we set a' = 2 henceforth. 
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d.o.f SO (9) SO (8) 



84 



B 



44 m • +n + m 



Table 1: Decomposition of 50(9) into 5*0(8) representations for the first massive level. 



and 

BRST invariance furthermore requires 

P M C[MNL] =0 p M H( MN ) = T] MN H(MN) = 

in addition to the mass-shell condition p 2 = —2 = —M 2 . 



(26) 



(27) 



2.1.3 Second Massive Level (Left Movers) 

At the second massive level the number of states increases drastically. Once again we 
display all states that arise from the canonical quantization performed in the light-cone 
gauged 



8 = □ 



«- 2 ^: 1/2 io) - 

C3/ 2 ^-i/ 2 ^-i/ 2 |0)-^ 224 = n + 
aiioiiV'-i/zlO) - 



64 
64 



+ m + B 
+ m + B 

-EP 



288 =n + m + p 



aUii^-i^-iM ) — ► 448 = B+ E + = 



^-1/2^-1/2^-1/2^-1/2^-1/210) 



56 



5 Note that in contrast to the first massive level we do not display every single state separately but 
rather in compact form. For instance the state a l _ 1 'ip J _ 3 ^ 2 \0) contains a scalar, a symmetric and anti- 
symmetric rank 2 tensor. 



7 



In 10- dimensional covariant notation they take the form 



- X [MNPQR] ^^1/2^-1/2^-1/2^-1/2^^1/21°) 
T' %1[N)PQ] «-l^-l/2^-l/2^1/ 2 l°) 

Z Amnpq] a M i^-i/2^-i/2^ Q i/ 2 l ) 
Cm Z (MNP) a^a^ 1/2 \0) 

- ^[MJVP] ^-1/2^-1/2^-3/2 1 0) 

BP ^(M[iv)P] ^-i/ 2 ^-i/2^-3/2|0) %[i)P] a^a^^ 1/2 |0) 
m M( MJV )O;^V2/ 2 |0) L (M ^)Q;^v3/2l ) 

H ^[MiV] ^^1^51/2^1/2^-1/2 1°) ^MiV]«^3/2l ) 

<5[MAr]a^2V3/ 2 |0) 
□ £ M ^^-3/2^-1/2^-1/210) 5 M ^t^ia^^ 1/2 |0> 

T M W-l/2« B l« M l|0) C/M^-5/2|0) 
P77ABaf 2 ^-l/ 2 |0) ^AB^i^-3/2|0) 



Clearly, not all of these represent physical degrees of freedom. BRST invariance allows 
one to gauge away un-physical components. Although we do not display the corresponding 
vertex operators one can shift them by 



5V=[Q B rst,U + W] 



(28) 



with 



U = e~ 2 * d£ c [a [MNPQ] i) M i) N i) P ^ + P [MNP] i, M i, N 8X p + 1[M(N]P) i, M ^ N dX p ^ 

+ e (M N) ^ M d^ + k {mn) dX M dX N + X [MN] ^ N] + e M d 2 X M (29) 



+ vm ^ m Vkl^ K 0X l + r, AB dX A dX B + r W A cty J 



JpX 



and 



U 1 = e -^d 2 ic a [M N]^ M ^ N + p M dX 



M 



(30) 



with p 2 = —4 in both cases. This allows to gauge away 2 scalars •, 3 vectors □, 2 
symmetric rank 2 tensors m, 2 anti-symmetric rank 2 tensors [], 1 hooked Yang diagram 
[jP, 1 totally antisymmetric rank 3 tensor Z, and 1 totally antisymmetric rank 4 tensor 
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d.o.f SO (9) SO (8) 



126 



156 
594 

231 
36 
9 



EP 
B 

□ 



• + n + m + i 

B+§+PP+ 

□ + g + m + p 

□+B 
•+□ 



Table 2: Decomposition of 5*0(9) into 50(8) representations for the second massive level. 



-. Thus the truly physical degrees of freedom are represented by 



cm 



BP 



a 



□ 



(31) 



which is again in complete agreement with the group theoretical analysis. In Table |2] we 
display how the light-cone 50(8) representatives can be rearranged into representations 
of the little group 50(9). We find exactly the same degrees of freedom as displayed in 
equation (I3T1) . Their physical vertex operators are given by 



V 
V 
V 
V, 



(-1) 

x 

(-i) 

Y 

(-1) 
Z 

(-1) 



X [M NPQR] e-* C *P M ^ N j> P ^ Q ^ j' 



Y {M [n)pq] e^cdX M ^ 

e-*cdX M dX N ij p e ipX 



Jpx 



J (MNP) 



U {M[ N)P] e~ v c [d^ M //-2 dX M dX N ij p ] e ipX 



V. 



(-i) 
v 



v (-i) 



[MN] 



W M e 



iP m ^ n Vkl9X k ^ 



2 * 



7dip M dX 



-N 



dX M r]^ L ^ K dX L - 5 ^ M 7]^ L dX K dX L + 11 ^ M V ^ L ^ d^j 



K 



■M 



K 



•M 



JpX 



K 



JpX 
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Here rjj^ N is the SO (9) invariant metric 

± P P . P P / Q r>\ 

Vmn - Vmn — 2 — - Vmn + M2 ■ \oZ) 

In addition to the mass-shell condition p 2 = —4 = — M 2 , BRST invariance implies the 
conditions 

P M X[MNPQR] = P M Y(M[N)PQ] = V Z(MNP) = V U(M[N)P] = P V[MN] = p M ^M = 

(33) 

and 



V Y {M[N)PQ\ — V 6(MNP) — V U(M[N)P] ~ U • (,o4J 

which makes the polarization tensors manifestly 50(9) covariant. 

With significant more effort, one can determine the physical vertex operators for 
bosonic states at higher mass levels. This is beyond the scope of our present analy- 
sis. For a decomposition into 50(9) representations see [361 EO Ell [39] . Let us now turn 
to the right-moving sector. 



2.2 The right-moving bosonic string sector 

The right-moving sector of the heterotic string consists of the 26-dimensional bosonic 
string [28| [29] . In contrast to the superstring, there are only bosonic excitations of the 
ground state. For simplicity and clarity, we will only consider the Cartan generators 
associated to the 16 purely right-moving directions. The generalization to the non-abelian 
case, i.e. including states with non-zero p^, is straight-forward but slightly more involved 
since after compactification their masses are moduli-dependent and may lead to gauge 
symmetry enhancement. 

As for the superstring above, we will start with the massless case and then turn to the 
massive levels. 

2.2.1 Massless level (Right movers) 

The only massless excitations for the bosonic sectoi@ are 

cCjO) — >2A = D (35) 

6 The tachyonic state |0) which is also present in the bosonic string does not survive in the heterotic 
state, due to the level matching condition. 
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where a runs over the 24 dimensional light-cone coordinates and describes a massless 
gauge boson in 26 dimensions. In 'covariant ^ (in D = 26!!) notation the state and vertex 
operator are given by 



B A a\\0) V B = B A cdX A e iKX . (36) 

Here A runs over all 26 dimensions and BRST invariance enforces K A B A = and K 2 = 
kl 0d +p 2 R = 0. Furthermore the vertex operator is unique up to the addition of an operator 
of the form 

SV=[Q BRST ,U] (37) 
where Qbrst f° r the bosonic string takes the form 

® BRST = f £ \cdX A dX A {z) + ... (38) 
and for the massless level hi is given by 

U = A e iKX , (39) 

which allows to gauge away one spurious state. Thus, taking into account the BRST 
constraint K A B A = 0, one has 24 pure physical degrees of freedom, in complete agreement 
with the number one obtains via light-cone gauge quantization. 

2.2.2 First massive level (Right movers) 

At the first mass level, in the light-cone gauge, the states are 

(40) 

□ (41) 

m . (42) 

In 'covariant' 26-dimensional notation the states at the first mass level are given by 

E rjABa^a^O) W A a A 2 \0) H (AB) a^af}|0) (43) 

and their corresponding vertex operators take the form 

V s = Ec rj AB 8X A dX B e ipX V^ = W A c d 2 X A e ipX 

V s = H {AB) cdX (A dX B ^e ipX . 

7 We put covariant in quotes since only 10 of the 26 R-moving bosonic coordinates have L-moving 
counterparts. 



SabOt^ctJO) — > 1 = 

5* 2 |0) ^24 = 
c^a'-ilO) ^ 299 = 
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As for the superstring before, not all components correspond to physical degrees of free- 
dom. BRST invariance again allows one to gauge away the non-physical components. We 
can add an operator of the form 



Qbrst M + U 



(44) 



6V 
with 

U = T A dX A e ipX Tt = A b c e ipX (45) 

where p 2 = —2. Thus we can gauge away the massive scalar E and the massive vector 
Wa and we are left with a massive symmetric rank two tensor. This symmetric rank two 
tensor H^ab) accounts for the 324 degrees of freedom obtained in the light-cone gauge 
quantization. In Table [3] we display the decomposition of the SO (25) symmetric rank two 
tensor into the 50(24) representation. One sees that Hab indeed contains one 50 (24) 
symmetric rank two tensor, one 5*0(24) vector and one 50(24) scalar. 



d.o.f 50(25) 50(24) 



324 m » + n + m 



Table 3: Decomposition of 50(25) into 50(24) representations for the first massive level. 

Below we display the vertex operator for the symmetric rank two tensor 

V H {z) = H {AB) cdX A dX B e ipX . (46) 

The BRST conditions read 

p A H (A B) = v AB H (A B) = (47) 

which reveals the 50(25) invariance of the massive states H(ab), in addition to p 2 = —2 = 
—M 2 . 

2.2.3 Second mass level (Right movers) 

In light-cone gauge the second mass level contains the following states 

c^ 3 |0) — >24 = D (48) 
«-i«-2 1 0) — > 576 = • + g + m (49) 
a^o^oiilO) — > 2600 = D + ^. (50) 
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In 'covariant' 2 6- dimensional form the relevant states are 



E VAB a^a B 2 \Q) 
B [AB ] a^a0 2 \ Q ) 



W A a A 3 \0) 
H(ab) a-iafal ) 



Y AVB ca\a^cf ,10) (51) 
S ( abc) a^_x^i|0) , (52) 



where not all states correspond to pure physical degrees of freedom. Their corresponding 
vertex operators take the form 

V E = E CT] AB dX A d 2 X B e ipX 



V; 



w 



W A cd 3 X A e ipX 



V 9 = Y A c 7] BC 8X A dX B dX c e ipX 
V s = B [AB] cdX [A d 2 X B] e ipX 
V S = H (AB) cdX {A d 2 X B ^ e ipX 



V, 



c 



S {ABC) c dX A dX B dX c e ipX 



and analogously to the previous case BRST invariance allows us to add operators of the 



type 



Qbrst-, U + U 



U 



with 



A Tj AB 8X A 8X B + a A d X A + [3 (AB) dX A dX B e ipX (53) 
u' = ~i A bcdX A e ipX (54) 
where p 2 = —4. Thus the truly physical degrees of freedom are just the antisymmetric 



d.o.f 50(25) 



50(24) 



2900 



+ n + m + i 



300 B 



□+B 



Table 4: Decomposition of SO (25) into 50(24) representations for the second massive 
level. 

rank 2 tensor and the completely symmetric rank 3 tensor. 

In Table|4]we display how the 50(25) massive states are decomposed into 50(24) light- 
cone representations. Note that the antisymmetric rank 2 and the completely symmetric 
rank 3 tensors account for the states obtained via the light-cone gauge quantization. 
Below we display the vertex operators 

V B = B [AB] cdX [A d 2 X B] e ipX V s = S (ABC ) cdX A dX B dX c e ipX (55) 
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which have to satisfy the mass-shell condition p 2 = —4 = — M 2 and the BRST constraints 



The latter makes the polarization tensors manifestly SO (25) covariant. 

2.3 Heterotic string, Type I and Type II superstring 

Though straightforward, proceeding to higher levels becomes more and more cumber- 
some, except possibly for the highest spin states (i.e. the leading Regge trajectory of the 
graviton). In a recent paper [39] (see also ETJ [38] ) , the massive spectrum of Heterotic, 
Type II, and Type I superstrings has been assembled into 5*0(9) representations. On the 
other hand, production of open string Regge resonances in Type I and related models 
with open and unoriented strings has been studied in J5[ El [7J [8j [9[ [10l [11] . Given the 
expected duality between Heterotic and Type I strings, one may wonder if there is any 
way to compare HS states in the two descriptions. Clearly non BPS states are unstable 
and can decay into lower spin states [SIS]- Yet, 1/2 BPS states should match on the two 
sides. The Type I counterpart of 1/2 BPS HS states should be HS excitations of wrapped 
D-strings. Indeed Heterotic / Type I duality has been carefully tested at the level of the 
BPS spectra both in toroidal compactifications with or without tensor structure and in 
other pairs (e.g. freely acting orbifolds etc). The relevant helicity super-trace ('topological 
index' [12]) does not allow to identify the spin unambiguously as we will momentarily see. 
Despite this, one can explore dynamical properties of perturbatively stable HS in Type I 
or Type II theories using methods similar to those exploited in [43J. 

3 Tri-linear couplings of charged higher spin BH's 

Let us now discuss tri-linear couplings of higher spin states^). 

We will first consider 1/2 BPS states. In the NS sector vertex operators are of the 
form 



P A B[ab] = p A S( ABC ) = 



V AB S { ABC)=0. 



(56) 



where i/j 




(57) 



For recent work on this issue from a different vantage point, see e.g. [44l 145] . 
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3.1 Left-Movers (Superstring) 



Let us focus on the Left-moving part first. BRST invariance imposes 

P 2 = = p 2 + |p L | 2 P M A M = P% + pj$i = (58) 

i. e. the Left-moving part is exactly identical to the Left-moving part of a massless vertex 
in D = 10. (Super)ghost charge violation requires to consider 

G L (z h z 2 ,z 3 ) = (cVt 1 \z 1 )cVi°\z 2 )cVt 1 \z 3 )) (59) 

where 

yf ) (z) = A M (dX M + iP^ M )e iPX (60) 
Performing the contractions one gets 

G L (z u z 2 , z 3 ) = [A 1 {P 2 - P 3 )A 2 A 3 + A 2 (P 3 - P 1 )A 3 A l + A 3 (P ± - P 2 )A 1 A 2 ]6(P 1 + P 2 + P 3 ) 

(61) 

that is independent of totally anti-symmetric and vanishing on-shell for real momenta. 

As a result there is no physical (decay) process involving three 1/2 BPS states at 
tree level! This is largely a consequence of the kinematics and the absence of quantum 
corrections to the mass and charge and is independent of the spin of the states which 
is mostly contributed by the right-moving bosonic string excitations. We thus expect 
this non-renormalization property to hold to all orders in perturbation theory and even 
non-perturbatively. This seems to raise a puzzle in the microscopic counting of states 
that reproduce the degeneracy of small 1/2 BPS Black Holes [151 US]- Indeed (extended) 
supersymmetry in D = 4 is only compatible with zero horizon rotation (horizon spin), spin 
can only emerge from hair d.o.f. i. e. from the global supersymmetry parameter that carries 
spinor indices and vanishes at the horizon (susy enhancement!) while assuming constant 
value at infinity. HS (BPS) states are a peculiarity of String Theory and may require 
some reconsideration. While it is important to study the (thermo) dynamical properties 
of these HS states, one should keep in mind that by going from weak coupling (g s « 1) 
where the (heterotic) string description is reliable to strong coupling (g s » 1) where 
the supergravity description should take over, non-perturbative effects may 'replace' HS 
supermultiplets with minimal spin ones i.e. vector multiplets. Indeed, the only 'protected' 
information is coded in the helicity supertace [12] 

E A = Tr(-f h (2h) A (62) 

and one can easily check that 

Bl /2 S BPS = (2S + l)<|f P5 (63) 
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where S is the 'intermediate' spin in the super-multiplet with (2S + 1)(8_b + 8f) d.o.f. so 
that S = correspond to the ' standard' (massless or 1/2 BPS) vector multiplet. Yet in 
perturbation theory we don't see any trace of the 'instability' of these HS states ... 

The situation drastically changes if one of the three states (say the one at Z2) is non 
BPS. In order to have a non-vanishing coupling with two 1/2 BPS states one should select 
the non-BPS state properly. For instance at the first massive level in the NS sector one 
has two kinds of physical vertex operators 

V§1 = H MN [dX M dX N +~P^ M dX M + ip N dX M ) + ^{ip M dip M +ip N diP M )]e iPX (64) 
and 

V c = C LMN (dX L + iP^ L )^j M ^ N e iPX . (65) 
BRST symmetry implies 

H MN = H MN V MN H MN = P M H MN = (66) 

leading to a massive spin 2 particle with 44 physical polarizations and 

Clmn = —Cmln = —Clnm = —Cnml P Clmn = (67) 

leading to a massive 3-form with 84 physical polarizations. 

The latter couples to two 1/2 BPS states through the symmetric combination 

(P - P 2 ) L AfA x C LMN (68) 

which is gauge invariant under A, — > + £Pj thanks to momentum conservation and 
transversality of Clmn- 

Similarly, the non- vanishing gauge-invariant coupling to the spin 2 combination reads 

HmnF± IL F£l , (69) 

where 

Fmn = PmAn — PnAm (70) 

thus exposing the manifest gauge invariance wrt Ai — > Ai + £Pj. 

In order to determine the on-shell coupling of two bosonic 1/2 BPS vertex operators to 
higher mass non BPS states it proves convenient to start from the OPE of two fermionic 
vertex operators. The latter can be both taken to be in the canonical (-1/2) picture 
and produce bosons in the canonical (-1) picture. Expanding wrt the middle point [16] 
allows one to extract the on-shell coupling to higher mass states. TV = 4 supersymmetry 
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transformations determine the coupling between two bosonic states. The relevant OPE 
of two fermionic 1/2 BPS vertex operators reads 



e~^ 2 S^e iP ' x (z 1 )e-^ 2 S^e iP ^(z 2 ) « 

4 lPa_1 e"" (1 + .-) e l ( Pl+P2 ) x (l + 2 12 (P! - P 2 )dX...) (71) 

x (r$^ M + z 12 rXi^ M r^ L + AAtu^ Ml ---V h + •••) 

where dots stand for derivatives. 

Let us take a closer look at the coupling of two BPS fermions to the first massive 
excitations, C[lmn] and Hi MN \. The antisymmetric rank 3 tensor C[lmn] will couple 
through in flU]). On the other hand H {MN) will couple through (P 1 - P 2 ) {N Y^ 2 . 

Note that in contrast to the coupling of three 1/2 BPS states the coupling of two 1/2 BPS 
states to a non-BPS state at the first mass level is (graded) symmetric. At next level one 
has a coupling through r^ i A2 M which is antisymmetric. 

Generalizing this statement to higher mass levels, one observes that the coupling of a 
massive non-BPS vertex operator at odd (even) level to two 1/2 BPS vertex operators is 
(anti) symmetric under the exchange of the latter two. 



3.2 Right-Movers (Bosonic String) 

In the Heterotic string one has to consider the contribution of the right-moving sector 
to the 3-point amplitudes. The relevant correlation function on the world-sheet is of the 
form 

G R (z lt z 2 , z 3 ) = (ctf^X^^*^ 

(72) 

where 



H[d ki Xp] = H Al ... An d kl X Al ...d kn X An = H Al 



<ki vA-\ ofc n vA r , 



d d 



so that 







o 



^exp^/^A- 



0^=0 

(73) 



G R (zi, z 2 , z 3 ) = c(zi)c(z 2 )c(z 3 )Hl A . ...H 2 B . ... ...H 







(74) 



where 



i<j 



i<j 
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Except for the first Regge trajectory involving only dX A i.e. all k n = 1, the result is 
unwieldy. Consider three HS states with spin Si, thus each containing Si conformal fields 
dX A in the vertex operator. Provided Y2i(^i ~ Ti) = 2K (even number) with Tj < Si, 
Ti indices can contract with the momenta Pj of the other insertions. The remaining ones 
should contract with one another. Denoting S^ = Si — Ti then S[ 2 = (S[ + S' 2 — S' 3 )/2 
indices of H% will contract with H 2 and so on. 

For totally symmetric tensors - not necessarily with maximal spin Sr = Nr, as in the 
first Regge trajectory - the relevant tri-linear coupling reads 

/ /nt 1+ t 2 +t 3 /2 TT (Si\ (si \ p Ai P A n n i D i- D s>, „ 

T l <S l :Y. l {S l -T l )=2K i 

•*31 •• i 31 tL B 1 ...B T2 12 Ei...E s ,^-ri2 ■••-^12 U d...C T ^ 23 D 1 ...D S ,^ {(O) 



When at least two vertex operators are identical (say 1 and 3), the result is 
(anti) symmetric under the exchange of the two depending of whether S'2 is even (or odd). 

In the special case in which some non-abelian current algebra survives, at lowest level 
(Nr = 1) one has the currents J a . At the next level Nr = 2 one finds the primary 
H a = d a t, c J b J c where d a b c = Tr(T a {T b ,T c }) is totally symmetric and traceless wrt the 
Cartan-Killing metric in the absence of abelian ideals. 

The resulting coupling to two currents is 

Jabc 

(J%z)H\u)J%w)) = (77) 

[z — u) z {w — U) z 

which is manifestly symmetric as expected. 

It is amusing that a similar situation prevails in Type I and other models with open 
and unoriented strings even for non BPS HS states [51 EJ [7J EJ El [101 [TI]. Indeed twist 
symmetry implies that levels differing by an odd integer have opposite symmetry under 
the exchange of the two ends of the (open unoriented) string. 



4 Scattering Amplitudes, Form Factors and all that 

In order to further explore the dynamical properties of BPS HS states, we will compute 
the 4-point scattering amplitudes involving states of this kind at tree level [25J. Due to 
central charge conservation we will need at least two such states in the process. It should 
also be clear that, thanks to mass and charge conservation, there is no physical decay 
amplitude of one massive BPS state to three (or more) states be either BPS or not. Indeed 
Mrps = |pl| = IX/^PlCOI — Ipl (^) I < 2\^M(£) and the process is kinematically 
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allowed only when all momenta, including the internal components representing central 
charges, are aligned so that there is no true scattering. 

For simplicity, we will focus on the 4-point amplitude containing two massless gauge 
bosons of the visible sectoral and two higher spin fields that describe for instance the 
scattering of a 'photon' off a very massive HS object. We will analyze the pole structure 
and low energy limit and identify the exchanged particles. This will allow us to determine 
the coupling of such higher spin states to the massless particles such as the graviton and 
dilaton. Along the way we need the generating function for a correlator containing an 
arbitrary number of the conformal fields dX A , whose derivation is presented in appendix 
O 

More specifically, we are interested in the 4-point amplitude 

Aju^uil, = (^7 1) (^i) Va\^ Va\^) V& 1} (*0) (78) 
with the vertex operators for the gauge fields and the higher spin fields 

U i>lM1 ... tis e-< p 'ip i e ipLX dX t * 1 ■ ■ ■ dX^e ipRX e ipX (79) 
a„ (dX" - ik ■ ip^) J a e lkX . (80) 

As discussed in section [TJ "Hj accounts for 5 spin s states. The BRST conditions for the 
projections read 

= p* H i)Ms = pi 'Hi.,, -,,. = =0 Vi, j ^ (81) 

and the mass is given by 

M 2 = |p|i=|p|^ + 2( S -1) . (82) 

As for the three-point functions discussed in the previous section, the amplitude splits 
into a holomorphic and an anti-holomorphic part. Decomposing the HS field i?^...^ into 
the tensor product of an internal vector Vi and a space-time tensor h^...^ 

the left-moving part yields [25] 

W L (z 4 ) = v u a 2K a 3xVi] (e~^ e^)^*^) e~^(^ 4 ))(^(z 1 )^'(^)) (83) 

e m x [ Zl ) [dX K - i(k 2 ■ ifj)ifj K ] e ik2X {z 2 ) [dX x - i(k 3 ■ tp x )e ik3X {z 3 W e ip4X (z 4 )\ . 
9 Following [25] the visible sector denotes the gauge sector already present in 10 dimensions. 



V 



(0) 
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The right-moving part takes the form 

W R (z t ) = ht^h^Jj*&)J*%)) ( e^ x «(^)e^ x «(^)) (81) 



^dX" 1 • • • dX^e^i^) e lk2X (z 2 ) e lk ' iX (z 3 ) dX Ul ■ ■ ■ dX u ° e tpiX (z A/ 

The details of the calculation are relegated to appendix [B] After reinstating normal- 
ization factors, one finds 

A= ~§p^ 5( ^ iPi} l^k 3 Vl ■ v *M*Mhn...»^..*.rsvJ£^-"''' (85) 
where Jr is given by equation ( |172p in appendix [Bj fa denotes the linearized field strength 

fi^if ^ipfltv a ifi^iu (86) 

the contraction (P4/2/3P4) is understood as 

V^frhveVt (87) 
and the Shapiro- Virasoro Tsv factor is given by (recall a' = 2) 

j. T(l + k 2 k 3 )T(k 3 n)T(k 3Pl ) F i 1 - I) r ( jP ~ f ) F ( ~ f ) 

^ SV T(2-k 2 h)T(-k 3Pi )T(-k 3Pl ) r(2 + |)r(|-^)r(f-^) ' 1 } 

where in the last step we used the usual definitions of Mandelstam variables 

8 = ~{k 2 + P if = -2k 2Pl + M 2 (89) 
t = -(k 2 + k 3 f = -2k 2 k 3 (90) 
u = -(k 3 + Pl ) 2 = -2k 3Pl + M 2 . (91) 

Clearly, the amplitude is invariant under the gauge transformation 

a Til — > a rfl + iA r k^ (92) 

but also under a fake "gauge transformation" 

veM — > v EM + iA e P m . (93) 

Here v = (0,i/) is the ten-dimensional left-handed polarization vector and Pm denotes 
the whole ten-dimensional momentum. To expose this invariance let us perform such 
a transformation for v\. The product v\ ■ V4 gives ■ v±, since v\ l vanishes in space- 
time. Due to central charge conservation p\ = —\>\ and with BRST invariance the term 
■ t>4 vanishes. Analogously one can show gauge invariance of the amplitude under a 
transformation (I9"3"|) for t> 4 . The reason for this "gauge" invariance of V{ lies in the fact that 
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the left-moving part of a BPS state vertex operator is exactly the one of a massless 10- 
dimensional gauge boson vertex operator. Although we will not exploit this fake "gauge 
invariance" any further in the present analysis, we would like to add that it might prove 
useful in the computation of amplitudes involving several BPS states. 

Using momentum conservation and BRST invariance allows us to write the amplitude 
in a way that displays its symmetries, which are manifest in the form 

,2 



A 



9t 



Ml 



(2tt) 4 5(S^ 



k 2 k 3 



\p1U2h + hh)Pi + \ k 2 ■ h(fa ■ fa) 



(94) 



x hi fll ___ l j )S fa Ux . 



-T- n -\i\...n s vx — v a 
.u a J-SV Jr 



where (fa ■ fa) = fa lxv fa ,iV - With J7r, see eq. (I172p . being symmetric under the exchange 
of 1 4 as well as 2 -h- 3 in this from the amplitude reveals the expected symmetries 
under the exchange of 1 -H- 4 and 2 -h- 3. 



4.1 Specific case s = 2 

In order to further simplify the discussion, we will henceforth consider the specific case 
of s = 2. In this case one can display Jr explicitly and compactly. Then the coupling of 
such a spin 2 state to massless particles such as graviton, dilaton or antisymmetric rank 
two tensor can be extracted by looking at the residue of the t-channel pole I/&2&3. 

The amplitude for s = 2 takes the form 



2 1 r r . hPi + 1 T . hpi + 1 T 

J->0 H ; L*\ H J^2 



A = -% 2 L ( 27r ) 4j ( s ^)i^r Fsv vi ■ (p.fafm) x 



s 



2K3 



| (k m + 2)(k 3 p 4 + l) L | (hpi + 2)(fc 3 pi + 1) L 
(hp 1 )(k 3 p 1 -l) 3 (k 3 p 4 )(k 3 p i - 1) 4 



hpi hPi 

(95) 



with the Lj's given by 



L = 2 (h-i ■ h A ) - 4(k 2 fa fa k 2 ) - 4(k 3 fa fa k 3 ) 

+ (k2fak 2 )(k2fak 2 ) + (k 3 fak 3 )(k 3 fak 3 ) + A(k 2 fak 3 )(k 2 fak 3 ) 
Li = A(k 3 fafak 2 ) - 2(k 2 fak 3 )(k 2 fak 2 ) - 2(k 3 fak 3 )(k 3 fak 2 ) 
L 2 = A(k 2 fafak 3 ) - 2(k 2 fak 2 )(k 2 fak 3 ) - 2(k 3 fak 2 )(k 3 fak 3 ) 
L 3 = (k 3 fak 3 )(k 2 fak 2 ) 
L A = (k 2 fak 2 )(k 3 fak 3 ) . 

Let us now determine the residue of l/k 2 k 3 that describes the exchange of a massless 
particle, such as the graviton, the dilaton or the antisymmetric rank 2 tensor. The 
Shapiro- Virasoro factor gives 1 in the limit k 2 k 3 — > 0. Keeping further in mind that the 



21 



residue implies ^2^3 = 0, which further implies via momentum conservation h 2 = — ^3 we 
obtain 

2 2 
— -vx ■ Vi (pif2f3Pi)(hih 2 ) = —-(p^fzP^CHyhLi) , (96) 
k 2 k 3 k 2 k 3 

where we have reinstated the full projector 7/i WA42 = v i Cg) /i Pl/i2 . 

As mentioned above the residue describes the exchange of a graviton, axion or dilaton. 
Note that the expression (1961) does not contain any a' terms, they cancel among each other 
once one imposes k 2 = —k 3 . That is somewhat expected since the on-shell coupling of the 
massless fields, graviton, axion and dilaton, to the gauge bosons as well as to the massive 
BPS states do not contain any a' corrections even for complex momenta. 

In order to determine the couplings of HS states to a specific massless field such as the 
graviton, we choose the gauge bosons to have opposite helicity [TH H7] . In this case the 
exchanged massless state is the graviton since T^ u = f^ p f„ p is symmetric and conserved. 
(Pseudo)scalars couple to f^ u f +pu ±f^ u f~ pu - For concreteness we choose positive helicity 
for a 2 = a\ and negative helicity for a 3 = aj. Then the residue (196]) takes the form 

^(P4/ 2 + / 3 >i)(^i^4) = ^ (f 2 + f 3 -) iiu ( Pl -p,nn 1 n,)(p 1 -p 4 y (97) 

This structure is of the expected type 

T (2,3)^ T (l,4)/- (9g) 

where 

T (2 ' 3 V = (/ 2 + /3% and T^ u = ( Pl - p^nM)^ - PaY (99) 

denote the stress energy tensor of two gauge fields and two higher spin fields, respectively. 

In order to set the stage for the study of the low energy behavior and spin effects, 
it proves convenient to express the polarizations in terms of the momenta pi and hi. 
Symmetric tensor polarizations 

K = ^ K^3 + «) K = ^ + fiM (ioo) 

K v = ^= K< + «) K = ^ + «W) (ioi) 

K = + «) lr = ± («W + w^) (102) 

h? = - «) K u = (« - w^w v z ) (103) 



K = 4 «< - 2«« + C = ^= (u£t5? - 2« + €%€%) . (104) 
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can be constructed from massive spin 1 polarizations. The massive spin 1 polarizations 
W{, transverse to p\, are given by 

^' WV-aF-^ ^^ (105) 

«* = ^tf (106) 

" 3 " (k 2 k 3 w -2F- M * r 3 + im) 3 ) ' ( } 



where kf = (k? + ^p?) and 



k 2 k 3 

The polarizations u>j, transverse to p4, are given by = u>f and 



(108) 



c + es^r (no) 



3 (fc 2 fc 3 )V-2F - M 2 V'" 3 ' faM 

withC=(^ + ^K)- 

It is straightforward to show that Wi and Wi represent two ortho-normal bases for 
space-like vectorial This holds true also for the above bases of symmetric massive spin 2 
polarizations h^ v and . 

Given the above choice of tensor polarizations, one can proceed analyzing specific 
amplitudes with fixed polarizations for the higher spin states. It turns out that the 
polarizations h 2 , h 3 only couple to h 2 , h 3 . Here we focus on this subset. Moreover we 
have to specify the helicity for the two massless vector bosons, which can be written as 



c*2 = (t# + iA 2 n£) a 3 = -j= « + i\ 3 n%) , (111) 



where the n^'s are given by 

1 



V-2F - M 2 



(112) 



[m 1 e^k 2u k 3p p, a 

n 2 — , r~, — • (113) 

2 V-2F - M 2 k 2 k 3 v ' 



10 Note that — 2F — M 2 > for physical momenta. 
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Choosing opposite helicity for the vector boson polarizations one obtains 

^ = 2 ^.( 1 + ^)( 1 _5^( 2 + ^)) (U4) 

A ^u, = 2JS! > Tsv ^ + *£j {^^M^W^ (115) 

A'-^ =2A°(l + ?£\ ^'<y 3 ) M v/ _ 2F _ A (U6) 



^-^»^(l + ^)(l + ^%M^). (117) 



with 



A° = ^p-(2vr) 4 5(S^)F F sv . (118) 

Note that the diagonal terms, in which there is no polarization flip, expose a l/k 2 k 3 pole 
indicating the exchange of a graviton. On the other hand the off diagonal amplitudes do 
not reveal such a pole. Thus there is no massless particle exchange with the latter choice 
of polarizations for the massive spin 2 states. In addition the off-diagonal amplitudes 
contain square roots of kinematical invariants, which seem unusual from a field theoretic 
point of view. Generically one would expect tree-level amplitudes to exhibit pure pole 
structure behavior. Note though that these square roots scale with a' and disappear in the 
field theory limit a' — > 0. Thus they might be thought to have stringy origin. Moreover 
these terms vanish in the formal limit M — > 0. It should however be kept in mind that 
'kinematical singularities' such as the above square-root cuts are tolerable in field-theory 
amplitudes with massive particles^]. In fact a preliminary analysis of the other sector, 
corresponding to massive spin 2 polarizations hi,h&,h§ mixing with hi,h^,h 5 , displays 
'kinematical singularities' to leading order a' with suppression at least (k 2 k 3 )/M. 

It should be clear that the limit M — y can be only taken in a formal sense, since 
after all the 1/2 BPS spin 2 states are genuinely massive M > 2/\fa'. The situation is 
different for 1/2 BPS spin 1 states which can become massless in the interior of the moduli 
space. It is relatively easy to investigate the amplitude involving two gauge bosons and 
two massive 1/2 BPS spin 1 states in connection to possible 'kinematical singularities'. 
Applying the general formula ( )85|) to s = 1 one obtains for the scattering of two gauge 
bosons onto two massive spin 1 states 

A = -|^(27r) 4 5(£^)^l- Fsv *J (P4/ 2 / 3 p 4 ) [ - (W* ■ W{) + (k 2 Wi)(k 2 Wi) (119) 

+ (k 3 wi)(k 3 wD - ^±l(k 3 wi)(k 2 wi) - ^±l(k 2 wi)(k 3 wi)] . (120) 

K 3 pi K 3 p 4 J 
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M. B. would like to thank G. Veneziano for an enlightening discussion on this point. 
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Choosing opposite helicity for the gauge bosons we obtain the following amplitudes 



-A° Fsv 

-A Fsv 
-A JF SV 



1 + 



2F 



1 + 



2F 



1 + 



1 + 



1 + 



2F 
2F 



A°T. 



sv 



1 + 



*3l 

2F 



a'(k 2 k 3 ) Mw 
2 F 
a'(k 2 k 3 ) M w 
2 F 
a'{k 2 k 3 ) M w 
2 F 
a'(k 2 k 3 



-2F 



-2F 



2 + 



M 2 W 



(121) 
(122) 
(123) 
(124) 
(125) 



All other combinations give vanishing results. As for the massive spin 2 case, we encounter 
'kinematical singularities' in the off-diagonal amplitudes that display a universal square- 
root factor. These amplitudes scale to zero with a' and thus disappear in the field theory 
limit a' — > 0. Moreover, in the limit of vanishing mass M\y — > of the 1/2 BPS vector 
boson these terms vanish. That is exactly what one expects since for scattering of four 
massless particles the amplitude should not expose this kind of 'kinematical singularities'. 

Let us return to the massive spin 2 amplitude, and take the formal limit a' — > 0, 
keeping M fixed. The Shapiro- Virasoro factor Fsv behaves as 

r[i + i(k 2 k 3 )] r[^(k m )] r[f(fc 3 Pi)] 



sv 



r [2 - f {hh)] r[-%(k m )] r[-f(A;3Pi)] 

i [i + [i + i(km)m] [i + gfopiMi)] 

i-^{k 2 k 3 ) [1-^(^3)^(1)] [1-^(^4)^(1)] [i-f(fc 3 pi)V(i)] 



a' 



~ [1 + -{k 2 k 3 )] [1 + a'(k 2 k 3 + k 2Pl + fcaPiMl)] 
due to momentum conservation. 



a 



I s r-(k 2 k 3 ) + 



(126) 

(127) 
(128) 



In combination with the other parts of the amplitudes fl 114ft to (11 17ft one obtains for 
the low energy limit 



]p (2tt) 4 5(S^)F 

g 2 



1 + 



M 2 \ 



- 



2F J 



M? 



(r 



(2vr) 4 5(S^ 



(27r) 4 »5(E^ 



a 



a 



(k 2 k 3 



(k 2 k 3 



1 + 



2 "ym /q„\4 



Ml 



(27r) 4 <5(E^)F 



M 2 \ 



- 



a 
' ~2 

~2F 

2F 
a' 



{k 2 k 3 



1 + 



M 



2\ 2 



+ 



MV-2F - M 2 + 



MV-2F -M 2 + 

-2N 2 



2F y 



(&2&3 



1 + 



+ 



a' 
~2 

°L 

~2 

~2 

a' 
~2 



(129) 
(130) 
(131) 
(132) 
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One can also consider the Regge limit of the above amplitudes that corresponds to 
taking a'(s — M 2 ) » 1 with t fixed. In this limit the Shapiro Virasoro factor scales like 

Fsv « F £ ~ e +Wt / 4 (a' S -^-) " ^ 2 + ... (133) 

One can recognize in order the SV 'form factor', a phase shift and a power law suppression 
{t < in the physical domain). The latter suggest the possibility that higher loop 
contributions exponentiate in the eikonal approximation. Contrary to what happens for 
the scattering of gravitons off D-branes [13], the lack of a valid semi-classical limit for 1/2 
BPS HS states seems not to favor this interpretation here. Clearly this point deserves 
further study. 

Another interesting limit is the limit in which momentum exchange in the t-channel is 
extremely small. To analyze this limit it is convenient to work in the Lab frame, where^l 
Pi = (M, 0), k 2 = (E 2 ,k 2 ), — k 3 = (E 3 , k 3 ) and — p 4 = (_E 4 ,p 4 ). With that choice the 
Mandelstam variables assume values 

s = -(k 2 + Pl ) 2 = M(M + 2E 2 ) (134) 
t = -(k 2 + k 3 ) 2 = -2E 2 E 3 (1- cos 6) (135) 
u = -(k 3 + px) 2 = M(M - 2E 3 ) . (136) 

The angular dependance in t can be eliminated by means of the relation s + 1 + u = 2M 2 
leading to 

M(E 2 - E 3 ) 

1 - cos 6 = — — (137) 

j±i 2 i±i 3 

so that (11351) becomes t = —2M(E 2 — E 3 ). Let us introduce the variables Q 2 = — t > 
and ME = 2M(E 2 + E 3 ). In terms of these new variables and reinstating a' factors the 
Shapiro- Virasoro factor f )88l) reads 

TY1 4. a 'Q 2 \V( a' Q 2 +EM \-p( a' Q 2 -EM \ 

77 _ \z 2 2 ' \ 2 4 IzA 2 4 : /i oo\ 

sv - a ' Q2 ) r ( ® 2+EM ) r ( a ' Q 2 - EM ) 

In the limit Q 2 — > the Shapiro Virasoro factor scales like 



a' 



lim Fsv ~ 1 + irQ 2 

Q 2 ->0 2 



1 , fa'EM\ 4 7T / 7ta'EM\ , v; 

2-T-n— -^lM-2 COt — 



(139) 



12 We take all the momenta to be incoming, thus one has to remember that k^ s = —k 3 ^. Henceforth 
we assume E 3 ^ to be the physical energies. 
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where ip{z) = dlogT(z) and 7 is the Euler-Mascheroni constant. Combining this with 
the remaining part of the diagonal amplitudes gives 



1 a 

4 M? 



(2vr) 4 5(E^ 



M 2 E 2 



H — Q 
2 



"2" 7 



1 <?v 



4 M 2 



(2tt) 4 <5(E^ 



Q 2 

M 2 E 2 



l + Q 2 
a'EM 



Q 2 



Q 2 



E 2 J 

7T 

-cot 
4 

£2 



na'EM\ 



■ 



0(Q'' 



a 



Q 2 



a'EM 



71 

cot 

2 



8 J 



+ 0(Q 2 



(140) 
(141) 
(142) 
(143) 



As expected we find a'Q 2 corrections to the massless exchange, due to the infinite tower of 
string excitations. However even in the low energy limit a' — > 0, there is a Q 2 correction 
to the "minimal" coupling of the higher spin states to the graviton that results from a 
conspiracy between factors of a' in the numerator and in the denominator and may be 
interpreted as a remnant of the non-locality of string interactions. 



5 Conclusions 

Let us conclude by summarizing our results and mentioning open problems. By studying 
physical processes involving (non)-perturbatively stable 1/2 BPS higher spin states in 
M = 4 toroidal comp act ificat ions of the heterotic string we have gained some insights 
into their dynamical properties. 

Similar results are expected to hold for M = 2 compactifications. In particular our 
analysis carries over immediately to freely acting orbifolds such as the FHSV model [I~8],|4"9] 
that are expected to receive no quantum corrections to the two-derivative effective action, 
since Nh = N v everywhere in the moduli space. Meta-stability of higher spin states is 
expected in M = 1 compactifications with 'Large Extra Dimensions' [26j |27], that are 
difficult to accommodate in the heterotic string though [50] . 

We have also derived explicit expressions for massive non BPS HS states in the first 
and second massive levels, that couple to pairs of BPS states. Finally, we have analyzed 
some scattering processes involving BPS HS states, paying attention to spin effects and 
low-energy limits. Contrary to the recently analyzed case of scattering of gravitons on 
D-branes |42] for which the eikonal approximation allows to reconstruct the 'classical' 
geometry, in our case amplitudes are resilient to such a semi-classical approximation, 
since no supergravity solution can account for 1/2 BPS states with (higher) spin [20~ t |2T | 
1221 1231 [21] ■ This seems to raise a puzzle in the identification of the microstates accounting 
for the entropy of small BH's with two charges [151 HH]- We have pointed out that the 
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only protected quantity, the helicity super-trace £>4 = SYr(2/i) 4 , makes no distinction 
between (2s + 1) vector multiplets and one spin s supermultiplet. Further analyses of the 
thermo-dynamical properties of these peculiar HS states is definitely necessary in order 
to clarify the situation. 

The tree-level scattering amplitude of gauge bosons on higher spin states, we studied, 
exhibits a massless pole and with the appropriate helicity choice for the gauge bosons 
we extracted the coupling of HS states to the graviton. Equipped with a convenient 
basis for the polarizations of the HS states, we have investigated interesting limits of 
the amplitude. For particular choices of the projections the amplitudes reveal unusual 
'kinematical singularities', which deserve further study. Moreover, it would be interesting 
to extend this study to higher orders in perturbation theory and to other HS states, be 
they BPS and thus stable or not. 
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A Higher Spin 1/2 BPS N = 2 super- multiplets in 

£> = 4 

As in the M = 4 supersymmetric case discussed in Section [TJ in M = 2 supersymmetric 
compactifications of the Heterotic String, such as the FHS V model [T8l [49] , the number 
of complex charged states in 1/2 BPS multiplets with s / can be easily obtained from 
the vertex operators 

v£ 1} = U I ^ 1 ...^ s e-' p ^ I e ipL ^ L dX^ ■■■dX^e ipRXli e ipX (144) 

with internal excitations 1= 1,2 (untwisted directions only!) in the ground state of the 
L-moving sector, and 

= U^ 1 ...^e- lp ^e ipLXL dX^ 1 ■■■dX^e ipRXR e ipX (145) 

with space-time excitations in the ground state of the L-moving sector. 

The tensors W/ )/U1 ... Ms and W A1 , A11 ... Ms are totally symmetric by construction in the //j indices 
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and, in order for the states to be BRST invariant, they should satisfy 

p£W /iW ... Ms = p^ JiW2 ... Ms = Tf v U hilvn = (146) 

The tensor W/ iAtl ... Ms accounts for ond^fl states of spin s, while W MiM1 ... Ats gives rise to spin 
s + 1, s and s — 1 states. Therefore the number of bosonic degrees of freedom is 

n B = 2(s + 1) + 1 + (1 + l)(2s + 1) + 2(s - 1) + 1 = (2s + 1)4 B (148) 

Vertex operators for the fermionic states read 

l4~ 1/2) = T ar . iW ... Ms e- ¥,/2 S Q 5 r S + e ipiXi aX^ 1 • • • dX£V PflX V pX (149) 

and 

v (-i/2) = ^ e ^c & C^T,_e iVL ^ L dX^-''dX^^ R ^ R ^ x (150) 

where S 1 ", C a are .SO^, 1) spin fields and C r , C r are SU(2) spin fields. BRST invariance 
requires 

I^W^ + Pl,LT^t-,s = (151) 

that allows to express „ in terms of T QrjAtl ... Als 

%U S = ^Ky^/r^...^ (152) 

with M 2 = —p ■ p = |pl| 2 - Combing spin 1/2 from left-movers with spin s from Right- 
movers one gets s + 1/2 and s — 1/2. Taking into account the degeneracy 2 of SU(2), the 
number of fermionic degrees of freedom turns out to be 

n F = 2[2(s + 1/2) + 1] + 2[2(s - 1/2) + 1] = (2s + 1)4 F (153) 

Thus, these multiplets contains (2s + 1)(4 B — Ap) complex charged states with maximal 
spin Shws = s + 1 and minimal spin si ws = s — 1. 

Similar 1/2 BPS HS M = 2 multiplets arise by combining Left-movers 'odd' under 
twist ('odd' ground states) with Right-movers 'odd' under twist. In M = 1 no particle-like 
1/2 BPS multiplet is possible. Non BPS Af = 1 HS multiplets consist in one spin s, two 
spin s — 1/2 and one spin s — 1 [5Tj . 

13 After imposing BRST conditions (|146|) the internal index / is allowed to run only over the single 
'untwisted' direction orthogonal to the central charge p£. 
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B Details of the amplitude calculation 



Here we display all the necessary correlators to compute the 4-point amplitudes in Section 
HI Let us start with the left-moving part of the amplitude (1751) given by equation (1531) . 
Using standard OPE's one gets for the left-moving correlators 

(e^ x ( Zi yrt x (z 4 )} = zfl pi = z^ l? = z~ x f (154) 
Ay 

(V^si) ^{^)) = — ( e -<pW e -<p(*)) = z ~l (155) 

and 

^ lX ( Zl ) [dX K - t{k 2 ■ ij))ij) K ] e ik2X {z 2 ) [dX x - i(k 3 ■ i/))] ip x )e ikaX (z 3 ) e iViX (z A )) (156) 



e 



z \2 z 34 Z \Z Z24 Z\2 z 13 z 24 z 34 



223^14 



(157) 

The right-moving part given in equation ( 1841) contains the correlators 



T\z 2 )T\z,)) = ^ ( e ^X^)^ R X(U)\ = = ,-IPKl 2 = (15 g 



-2 \° / — *14 — *14 ~~ ^14 

and the correlator 

'dX^ 1 • • -BX^e^iz!) e ik2X (z 2 ) e ik3X {z 3 ) dX Vl ■ ■ ■ dX Vs e ipAX (z A )\ (159) 



- L,/ ^' ; V (s- A;)!(-l) s -S Mfc+l!/fc+1 -^ s " s (160) 

z i4 k =o\ k J 

^ A ^ fc! ( K ^) k - 2n - m (K^) n (K^) m+n f z l2 z 3A \ m 
^ m _ n (k-2n-m)\ n\ (n + m)! V^isW 

whose derivation is presented in appendix O Here the EVs are given by 

1 — 2 2 3 3 2 — 2 3 3 — 3 2 " ^-lvj.l y 

Combining the left-moving and right-moving part and fixing three vertex operator 
positions to 

z \ = Zoo = oo Z 2 = 1 Z3 = z z A = (162) 
and after including the c-ghost contribution 

C(zi)c(z 2 )c(z 4 ) ) (C(^l) C(^ 2 )c(^ 4 ) ) = |2l2| 2 kl4| 2 k24| 2 (163) 
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we obtain 



A = v u ® h^a^a^ ® h 4ui .. M / j J d 2 z \z\ 2k ^\l - z\ 2k ^~ A (164) 

J(z) (165) 



^\k 2 -k 3 - 1) - ^fcjrf + ^^ 2 A - ^ P> 4 A 

%12 ^34 ^13 ^24 ^12 z 13 z 24 %34 



X 

with 

J(z) = J2[ I ) (s-k)\(-iy- k ri flk +^+\.Y s " s (166) 



2 

S 



k=0 



E E 



ik — In — m)\ n\ (n + m)! 

n=0 m=—n v ' v * 



After a few manipulations the amplitude can be written in manifestly gauge invariant 
form 

A = -h,^ h ul ... Vs J d 2 z \z\ 2k ^\i - z \ 2k2k3 ~ 4 j^^j^ ■ * (pM&JJ® , 

(167) 

where /, denotes the field strength 

sr = K< - <k ■ (168) 

Finally, with the integral 

! d 2 z\ z \ 2hiPi \\ - z \ 2k2k ^ A z m = ( fc 3 gO ( fc 3 r(i + fc 2 fc 3 )r(fc 3 p 4 ) r(fc 3 gQ , 

7 M ' ' ~ ~~ (k 2 k 3 -l)(k 2 k 3 ) T(2-k 2 k 3 )T(-k 3 p 4 )T(-h Pl ) m 

(169) 

where J m is given bj 



j , 1]m TT ^(m) (fc 3 p 4 ) + ^(-m) (fc 3 pi) +r 
m r 1 = ^(m)(fc 3 p 1 ) + ^(-m)(A; 3 p4) + l-r 1 J 



one obtains 

1 



A = -jrrr^ ■ U4 (p±hhn)K^ s h ^... Vs Fsv j£-^- v ° (171) 

^2% 



with 

2 

s 



j^ 1 ... fls u 1 ...u 8 = \ (s-k)\(-iy- k 7 ] ' lk +^...7 1 ^ (172) 



fc=0 



fej (^1 ) ( K 2 ) ( K 3 ) j 

^— ' ^— ' (k — 2n — m)\ n\ in + m)! 

n=0 m=—n v / \ / 



and the Shapiro- Virasoro factor 



T r(i + fc 2 fc 3 )r(fc 3 p 4 )r(A; 3 p 1 ) 

r(2-^ 2 A; 3 )r(-A; 3 p 4 )r(-A ;3 p 1 ) • 1 1 



14 



Note that J = 1 
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C HS correlator 



Here we present the derivation of the correlator 



hi,*...*, hi*!...*. ( dx ^ ■ ■ ■ dX^e ipiX e ik2X e iksX dX Ul ■ ■ ■ dX^e ip4X 



(174) 



for an arbitrary s assuming that the polarization rank s tensors hi and h 4 are completely 
symmetric. Rewriting the products of dX Pk by 

d d 



dX^...dX^ 



tdX t- 



_da tll da^ 

and using the usual OPE's the correlator (11741) becomes 



(2) 



a=0 



Hr = Xr{j>u z% 







d d 



d 



da 



da^ d/3 Ul d/3 



exp 



a/3 \ -* 



'14 



OPn 



— I 



<E 



m^4 



PPr, 
Z 4n 



(175) 



(176) 

0=0 



where Ir(pi, z*) = Yli<j z ij 3 xs the Koba-Nielsen factor for the right-moving part. Intro- 
ducing the variables 



a 



^ - a" + < 



with 



u --2 
«n = IZi. 



E 

m^4 



Pn 



(3 — iz u 



E 



^ln 



(177) 



(178) 



allows for the compact form 



1 R {Pi,Zi) exp 



\ 



-4E 



V 



m^4 



PnPm 







3 d 







(179) 



Performing the derivatives one gets 

2 



k=0 ^ ' 



(180) 



E 



fn 
Z\ n 



Z 14 



E 



2l T 



■2 14 



E 



^4r 



-^14 



E 



P, 



ZAs 



-Z\4 



Here we already used the fact that the correlator is symmetric under the exchange of 
fii 4-> fij and z/, -H- Uj. Now using the BRST constraint p^ h^...^...^ = and momentum 
conservation we can manipulate this to 



'14 



fc=0 
fc k—2n 

E E 

n=0 m=— n 



(s-Jfe)! 



(181) 



k—2n—m 



(k — 2n — m)\ n\ (n + m)\ 



Z13Z24 
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where 



iv-^ — rt-2 ri>2 ' 3 3 2 — 2 3 3 — 3 2 * \ / 

Again we take advantage of the fact that the correlator is symmetric under the exchange 
of jii -H- pLj and ^ -H- uj. The product of the respective powers of Kf are understood as 
displayed below 

(K^) a {K% v f (K^) 1 = Y[K^ Vn Yl K^"* J] K*'"* ■ (183) 

u=l v=a+l x=a+/3+l 
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